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CLASSIFYING COMPLEMENTS FOR HOPF ALGEBRAS AND LIE
ALGEBRAS
A. L. AGORE AND G. MILITARU
Abstract. Let A ⊆ E be a given extension of Hopf (respectively Lie) algebras. We
answer the classifying complements problem (CCP) which consists of describing and
classifying all complements of A in E. If H is a given complement then all the other
complements are obtained from H by a certain type of deformation. We establish a
bijective correspondence between the isomorphism classes of all complements of A in
E and a cohomological type object HA2(H,A | (⊲, ⊳)), where (⊲, ⊳) is the matched pair
associated to H . The factorization index [E : A]f is introduced as a numerical measure
of the (CCP). For two n-th roots of unity we construct a 4n2-dimensional Hopf algebra
whose factorization index over the group algebra is arbitrary large.
Introduction
Let C be the category of groups, Lie algebras, Hopf algebras, etc. and A ⊂ E a given
subobject of E in C. A subobject H of E is called a complement of A in E (or an
A-complement of E) if E can be written as a ’product’ of A and H such that A and
H have ’minimal intersection’ in E; the meaning of ’product’ and ’minimal intersection’
depends on the given category C. We denote by [E : A]f the cardinal of the (possibly
empty) isomorphism classes of all A-complements of E and we call it the factorization
index of A in E. A natural question arises:
Classifying complements problem (CCP): Let A ⊂ E be a given subobject of E in
C. If an A-complement of E exists, describe explicitly, classify all A-complements of E
and compute the factorization index [E : A]f .
To start with, let C = Gr be the category of groups. An A-complement of a group E is
a subgroup H ≤ E such that E = AH and A ∩ H = {1}. An A-complement of E, if
exists, is not necessarily unique. The basic example is the following: consider S3 to be
the symmetric group viewed as a subgroup in S4 by considering 4 to be a fixed point.
Then, the factorization index [S4 : S3]
f = 2. For more details on the group case we refer
the reader to [3]. Hence, we expect to obtain non-trivial results for the (CCP) whose
difficulty depends on the category C as well as on the extension A ⊂ E in C.
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The aim of this paper is to give the answer to the (CCP) if C is the category of Hopf
(respectively Lie) algebras. There exists a general principle: H is an A-complement of E
in a given category C if and only if E ∼= A ⊲⊳ H, where A ⊲⊳ H is a ’bicrossed product ’ in
the category C associated to a ’matched pair ’ between the objects A andH. This principle
becomes a theorem when C is the category of groups or groupoids [4], algebras [5], Hopf
algebras [15], Lie groups or Lie algebras [13], locally compact quantum groups [19],
multiplier Hopf algebras [6]. Let H be a given A-complement of E. Hence, there exists a
canonical isomorphism A ⊲⊳ H ∼= E in C. Now, the description and the classification part
of the (CCP) is obtained from the following subsequent question: describe and classify
all objects H in C such that there exists an isomorphism A ⊲⊳ H ∼= A ⊲⊳ H in C. This
can also be viewed as a descent type question: the classification of all A-complements
of E needs a parallel theory similar to what is called the classification of forms in the
classical descent theory [12], [18].
As we will see, the theoretical answers to the (CCP) for Hopf algebras and Lie algebras
follow a common path which might generate a method of tackling this problem in different
other categories. In order to describe and then classify all the complements of a given
extension A ⊂ E it is enough to know only one complement H. All the other A-
complements of E are obtained from H by a certain type of deformation which involves
some special maps r : H → A associated to the canonical matched pair (A,H, ⊳, ⊲),
called deformation maps. To each deformation map r : H → A we associate a new
A-complement denoted by Hr and, conversely, for any A-complement H there exists a
deformation map r : H → A of the canonical matched pair (A,H, ⊳, ⊲) such that H ∼= Hr.
The paper is organized as follows. In Section 1 we shall review the Majid’s bicrossed
product [14] associated to a matched pair of Hopf algebras (A,H, ⊳, ⊲). Section 2 offers
the answer to the (CCP) problem for Hopf algebras. The answer will be given in three
steps. In Theorem 2.6 a new type of deformation of a given Hopf algebra H is intro-
duced. This deformation Hr is a new Hopf algebra called the r-deformation of H and is
associated to an arbitrary matched pair of Hopf algebras (A,H, ⊲, ⊳) and to a deforma-
tion map r : H → A in the sense of Definition 2.3. Furthermore, Hr is an A-complement
of the bicrossed product A ⊲⊳ H. Now, let A ⊆ E be an extension of Hopf algebras
and H a given A-complement of E. The description of all A-complements of E is given
in Theorem 2.8: any other A-complement H of E is isomorphic as a Hopf algebra with
an Hr, for some deformation map r : H → A of the canonical matched pair (A,H, ⊳, ⊲)
associated to H. Finally, Theorem 2.5 provides the classification of A-complements of E:
there exists a bijection between the isomorphism classes of all A-complements of E and
a cohomological type object HA2(H,A | (⊲, ⊳)) and this bijection is explicitly described.
In particular, we obtain the formula for computing the factorization index of a given
extension A ⊆ E of Hopf algebras: [E : A]f = |HA2(H,A | (⊲, ⊳))|. In Section 3 we shall
construct an example of a Hopf algebra extension of a given factorization index in The-
orem 3.2. This is the extension k[Cn] ⊆ H4n2, ω, ω′ , where H4n2, ω, ω′ is a 4n
2-dimensional
quantum group associated to two distinct n-th roots of unity ω and ω′. In Section 4
we give the answer to the (CCP) in the case when C is the category of Lie algebras.
The main result of the section is Theorem 4.5: if g is a Lie subalgebra of Ξ and h is
a fixed g-complement of Ξ, then the isomorphism classes of all g-complements of Ξ are
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parameterized by a certain cohomological object denoted by HA2(h, g | (⊲, ⊳)) which is
explicitly constructed.
1. Preliminaries
Unless explicitly specified otherwise, all coalgebras, Hopf algebras, Lie algebras, tensor
products, homomorphisms, and so on are over a commutative ring k. For a coalgebra
C, we use Sweedler’s Σ-notation: ∆(c) = c(1) ⊗ c(2), (I ⊗ ∆)∆(c) = c(1) ⊗ c(2) ⊗ c(3)
(summation understood). A Hopf subalgebra of a Hopf algebra E is a Hopf algebra
inclusion A ⊆ E that splits k-linearly. Let A and H be two Hopf algebras. H is called
a right A-module coalgebra if H is a coalgebra in the monoidal category MA of right
A-modules, i.e. there exists ⊳ : H ⊗ A → H a morphism of coalgebras such that (H, ⊳)
is a right A-module. Similarly, A is a left H-module coalgebra if A is a coalgebra in the
monoidal category of left H-modules.
Let A ⊆ E be a Hopf subalgebra of E. A Hopf subalgebra H ⊆ E is called a right
complement of A in E (or a right A-complement of E) if the multiplication map A⊗H →
E, a⊗h 7→ ah is bijective. Similarly, H is a left complement of A in E if the multiplication
mapH⊗A→ E is bijective. In the case that E has a bijective antipode, then the concepts
of right/left A-complement coincide [1, Proposition 3.1]. Throughout this paper by an
A-complement we mean a right A-complement.
Let H be a (right) A-complement of E: in this case we say that the Hopf algebra E
factorizes through A and H. The bicrossed product of two Hopf algebras was introduced
by Majid in [14, Proposition 3.12] under the name of double cross product. Let A and H
be two Hopf algebras and ⊳ : H ⊗A→ H, ⊲ : H ⊗A→ A two morphisms of coalgebras
such that the following normalizing conditions hold for any h ∈ H, a ∈ A:
h ⊲ 1A = εH(h)1A, 1H ⊲ a = a, 1H ⊳ a = εA(a)1H , h ⊳ 1A = h (1)
We denote by A ⊲⊳ H the k-module A⊗H together with the multiplication:
(a ⊲⊳ h) · (c ⊲⊳ g) := a(h(1) ⊲ c(1)) ⊲⊳ (h(2) ⊳ c(2))g (2)
for all a, c ∈ A, h, g ∈ H, where we denoted a⊗h by a ⊲⊳ h. The object A ⊲⊳ H is called
the bicrossed product of A and H if A ⊲⊳ H is a Hopf algebra with the multiplication
given by (2), the unit 1A ⊲⊳ 1H and the coalgebra structure given by the tensor product
of coalgebras. The next theorem provides necessary and sufficient conditions for A ⊲⊳ H
to be a bicrossed product.
Theorem 1.1. Let A, H be two Hopf algebras and ⊳ : H ⊗ A → H, ⊲ : H ⊗ A → A
two morphisms of coalgebras satisfying the normalizing conditions (1). The following
statements are equivalent:
(1) A ⊲⊳ H is a bicrossed product;
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(2) (H, ⊳) is a right A-module coalgebra, (A, ⊲) is a left H-module coalgebra and the
following compatibilities hold for any a, b ∈ A, g, h ∈ H.
g ⊲ (ab) = (g(1) ⊲ a(1))
(
(g(2) ⊳ a(2)) ⊲ b
)
(3)
(gh) ⊳ a =
(
g ⊳ (h(1) ⊲ a(1))
)
(h(2) ⊳ a(2)) (4)
g(1) ⊳ a(1) ⊗ g(2) ⊲ a(2) = g(2) ⊳ a(2) ⊗ g(1) ⊲ a(1) (5)
Proof. (2)⇒ (1) This is just [15, Theorem 7.2.2] or [11, Theorem IX 2.3].
(1)⇒ (2) Follows as a special case of [2, Theorem 2.4] if we consider f : H⊗H → A to be
the trivial cocycle, i.e. f(g, h) = εH(g)εH (h). See also [2, Examples 2.5] for details. 
A matched pair of Hopf algebras is a system (A,H, ⊳, ⊲), where (H, ⊳) is a right A-module
coalgebra, (A, ⊲) is a left H-module coalgebra such that the compatibility conditions (1)
and (3)-(5) hold.
Examples 1.2. 1. Let (A, ⊲) be a left H-module coalgebra and consider H as a right
A-module coalgebra via the trivial action, i.e. h ⊳ a = εA(a)h. Then (A,H, ⊳, ⊲) is a
matched pair of Hopf algebras if and only if (A, ⊲) is a left H-module algebra and the
following compatibility condition holds
g(1) ⊗ g(2) ⊲ a = g(2) ⊗ g(1) ⊲ a (6)
for all g ∈ H and a ∈ A. In this case, the associated bicrossed product A ⊲⊳ H = A#H
is the semi-direct (smash) product of Hopf algebras as defined by Molnar [17].
2. The fundamental example of a bicrossed product is the Drinfel’d double D(H). Let
H be a finite dimensional Hopf algebra over a field k. Then we have a matched pair of
Hopf algebras ((H∗)cop,H, ⊳, ⊲), where the actions ⊳ and ⊲ are defined by:
h ⊳ h∗ := 〈h∗, S−1H (h(3))h(1)〉h(2), h ⊲ h
∗ := 〈h∗, S−1H (h(2)) ?h(1)〉 (7)
for all h ∈ H and h∗ ∈ H∗ ([11, Theorem IX.3.5]). The Drinfel’d double of H is the
bicrossed product associated to this matched pair, i.e. D(H) = (H∗)cop ⊲⊳ H.
3. Let k be a field of characteristic zero, g, h two Lie algebras and U(g), U(h) the corre-
sponding universal enveloping algebras. Then there is a bijection between the matched
pairs of Lie algebras (g, h, ⊲, ⊳) [15, Definition 8.3.1] and the matched pairs of Hopf al-
gebras (U(g), U(h), ⊲̂, ⊳̂). The bijection is given such that there exists a Hopf algebra
isomorphism U(g) ⊲⊳ U(h) ∼= U(g ⊲⊳ h) ([16, Proposition 2.4]).
A bicrossed product A ⊲⊳ H will be viewed as a left A-module via the restriction of
scalars through the canonical inclusion iA : A→ A ⊲⊳ H, iA(a) = a ⊲⊳ 1H , for all a ∈ A.
The next result is [15, Theorem 7.2.3]: Let A ⊆ E be a Hopf subalgebra and H a A-
complement of E. Then there exists a matched pair of Hopf algebras (A,H, ⊳, ⊲) such
that the multiplication map
mE : A ⊲⊳ H → E, mE(a ⊲⊳ h) = ah
for all a ∈ A and h ∈ H is an isomorphism of Hopf algebras. The actions of the matched
pair (A,H, ⊳, ⊲) are constructed as follows for all a ∈ A, h ∈ H:
ha = (h(1) ⊲ a(1))(h(2) ⊳ a(2)) (8)
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From now on, the matched pair constructed in (8) will be called the canonical matched
pair associated to the factorization of E through A and H. The following is just the
formal dual of the notion of central map:
Definition 1.3. Let A and H be two Hopf algebras. A coalgebra map r : H → A is
called cocentral if the following compatibility holds for all h ∈ H:
r(h(1))⊗ h(2) = r(h(2))⊗ h(1) (9)
The set CoZ(H,A) of all cocentral maps is a group with respect to the convolution
product. We denote by CoZ1(H,A) the subgroup of CoZ(H,A) of all cocentral maps
r : H → A such that r(1H) = 1A. Cocentral maps arise naturally from the following:
Lemma 1.4. Let A and H be two Hopf algebras. Then there exists a one to one corre-
spondence between the set of all right H-comodule coalgebra maps f : H → A ⊗H and
the set of all cocentral maps r : H → A. The bijection (f 7→ rf , r 7→ fr) is given as
follows:
rf := (IdA ⊗ εH) ◦ f, fr(h) = r(h(1))⊗ h(2) (10)
for all h ∈ H.
Proof. Straightforward: here H and A⊗H are viewed as right H-comodules via ∆H . 
For future use we state here the following:
Lemma 1.5. If a Hopf algebra E factorizes into two sub-bialgebras A and H, then A
and H are necessarily Hopf algebras.
Proof. If we denote by SE the antipode of E, then the antipodes of A and H are given
by the following formulae:
SA(a) := (IdA ⊗ ǫH) ◦ SE(a ⊲⊳ 1H), SH(h) := (ǫA ⊗ IdH) ◦ SE(1A ⊲⊳ h)
for all a ∈ A, h ∈ H. Indeed, as SE is the antipode for E we have:
(a(1) ⊲⊳ 1H)SE(a(2) ⊲⊳ 1H) = SE(a(1) ⊲⊳ 1H)(a(2) ⊲⊳ 1H) = εA(a)(1A ⊲⊳ 1H)
for all a ∈ A. By applying the algebra map IdA ⊗ ǫH to the above identity we obtain
that SA is the antipode of A. The formula for SH follows in the same manner. 
2. Classifying complements for Hopf algebras
Let A ⊆ E be a Hopf subalgebra of E and F(A,E) the (possibly empty) isomorphism
classes of all A-complements of E. The problem of existence of A-complements of E has
to be treated ’case by case’ for every given Hopf algebra extension, a computational part
of it can not be avoided. This was the approach used in the similar problem at the level
of groups, i.e. corresponding to the Hopf algebra extension k[A] ⊆ k[G], for two groups
A and G with A ≤ G (see [10] and the references therein). For example, if E = k[A6]
and A is a proper Hopf subalgebra, then F(A, k[A6]) is the empty set. This is based on
the fact that the alternating group A6 has no proper factorizations [20].
In order to answer the (CCP) we need to introduce a few more concepts:
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Definition 2.1. Let A be a Hopf subalgebra of E. We define the factorization index of
A in E as the cardinal of F(A,E) and it will be denoted by [E : A]f = | F(A,E) |. The
extension A ⊆ E is called rigid if [E : A]f = 1.
We write down explicitly what a rigid extension of Hopf algebras E/A means: [E : A]f =
1 if and only if any two A-complements H and H ′ of E are isomorphic as Hopf algebras.
Equivalently, this can be restated as follows: if E ∼= A ⊲⊳ H ∼= A ⊲⊳′ H ′ (isomorphism
of Hopf algebras and left A-modules), then H ∼= H ′. This is a Krull-Schmidt-Azumaya
type theorem for bicrossed products of Hopf algebras.
Examples 2.2. 1. In most cases, for a given extension of Hopf algebras A ⊆ E the
factorization index [E : A]f is equal to 0 (i.e. there exists no A-complements of E) or
1. For instance, above we have shown in fact that [k[A6] : A]
f = 0, for any proper Hopf
subalgebra A of the group Hopf algebra k[A6].
2. Let E := A#H be a semidirect product of two Hopf algebras in the sense of Ex-
ample 1.2. Then the extension A ⊂ A#H is rigid. Indeed, since A is a normal Hopf
subalgebra of E, we obtain that any A-complement of E is isomorphic to E/A+E.
3. Examples of extensions E/A for which [E : A]f ≥ 2 are quite rare, which makes them
tempting to identify. For instance, the extension k[S3] ⊆ k[S4] has factorization index 2.
We shall provide an elaborated way of constructing examples of Hopf algebra extensions
E/A of a given factorization index in Theorem 3.1.
Definition 2.3. Let (A,H, ⊲, ⊳) be a matched pair of Hopf algebras. A unitary cocentral
map r ∈ CoZ1(H,A) is called a deformation map of the matched pair (A,H, ⊲, ⊳) if the
following compatibility holds for any g, h ∈ H:
r
((
h ⊳ r(g(1))
)
g(2)
)
= r(h(1))
(
h(2) ⊲ r(g)
)
(11)
Let DM (H,A | (⊲, ⊳)) ⊆ CoZ1(H,A) be the set of all deformation maps of the matched
pair (A,H, ⊲, ⊳). The trivial map r : H → A, r(h) = ε(h)1A is of course a deformation
map. We introduce the following:
Definition 2.4. Let (A,H, ⊲, ⊳) be a matched pair of Hopf algebras. Two deformation
maps r, R : H → A are called equivalent and we denote this by r ∼ R if there exists
σ : H → H an unitary automorphism of the coalgebra H such that
σ
(
(h ⊳ r(g(1))) g(2)
)
=
(
σ(h) ⊳ R(σ(g(1)))
)
σ(g(2)) (12)
for all g, h ∈ H.
The theorem that gives the answer to the (CCP) for Hopf algebras is the following:
Theorem 2.5. (Classification of complements) Let A be a Hopf subalgebra of E,
H an A-complement of E and (A,H, ⊲, ⊳) the associated canonical matched pair. Then:
(1) ∼ is an equivalence relation on DM (H,A | (⊲, ⊳)). We denote by HA2(H,A | (⊲, ⊳))
the quotient set DM (H,A | (⊲, ⊳))/ ∼.
(2) There exists a bijection between the isomorphism classes of all A-complements of E
and HA2(H,A | (⊲, ⊳)). In particular, the factorization index of A in E is computed by
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the formula:
[E : A]f = |HA2(H,A | (⊲, ⊳))|
We prove this theorem in two steps. First, we prove the following result where a new
type of deformation of a given Hopf algebra H is introduced:
Theorem 2.6. (Deformation of complements) Let A be a Hopf subalgebra of E, H
an A-complement of E and r : H → A a deformation map of the associated canonical
matched pair (A,H, ⊲, ⊳).
(1) Let fr : H → A⊗H be the coalgebra map defined for any h ∈ H by:
fr(h) = r(h(1))⊗ h(2)
Then H := Im(fr) is an A-complement of E ∼= A ⊲⊳ H.
(2) Let Hr := H, as a coalgebra, with the new multiplication • on H defined for any h,
g ∈ H as follows:
h • g :=
(
h ⊳ r(g(1))
)
g(2) (13)
Then Hr = (Hr, •, 1H ,∆H , εH) is a Hopf algebra with the antipode given by
S : Hr → Hr, S(h) := SH(h(2)) ⊳ (SA ◦ r)(h(1)) (14)
for all h ∈ H, called the r-deformation of H. Furthermore, Hr ∼= H, as Hopf algebras.
Proof. (1) Without loss of generality, we can identify E = A ⊲⊳ H, since the multipli-
cation map mE : A ⊲⊳ H → E is a left A-linear Hopf algebra isomorphism. It follows
from Lemma 1.4 that fr : H → A ⊗ H is a unit preserving injective coalgebra map.
Thus, H = Im(fr) is a subcoalgebra of E = A ⊲⊳ H. We will denote by f˜r : H → H
the coalgebra isomorphism induced by fr. We shall prove that H is a sub-bialgebra of
E = A ⊲⊳ H and moreover, E factorizes trough A and H. Indeed, using (11) it follows
that H is also a subalgebra of E since for any h, g ∈ H we have:(
r(h(1)) ⊲⊳ h(2)
)(
r(g(1)) ⊲⊳ g(2)
)
= r(h(1))
(
h(2) ⊲ r(g(1))
)
⊲⊳
(
h(3) ⊳ r(g(2))
)
g(3)
(11)
= r
((
h(1) ⊳ r(g(1))
)
g(2)
)
⊲⊳
(
h(2) ⊳ r(g(3))
)
g(4)
(9)
= fr
(
(h ⊳ r(g(1))g(2)
)
∈ H
Therefore, H is a sub-bialgebra of E. Consider now the left A-linearization of fr, i.e.
the map ϕ : A ⊗ H → A ⊗ H given by ϕ(a ⊗ h) = afr(h), for all a ∈ A and h ∈ H.
Then ϕ is a bijection with the inverse given by: ϕ−1
(
a⊗ h) = aSA
(
r(h(1))
)
⊗h(2). Since
ϕ decomposes as ϕ = m ◦ (IdA ⊗ f˜r), where m : A⊗ H → E is the multiplication map,
it follows that m = ϕ ◦ (IdA ⊗ f˜r
−1
). Thus the multiplication map m : A ⊗ H → E is
bijective and hence E factorizes through A and H. Moreover, H is necessarily a Hopf
subalgebra of E by Lemma 1.5 and hence H is an A-complement of E = A ⊲⊳ H, as
needed.
(2) f˜r : H → H is a unit preserving coalgebra isomorphism. Moreover, in the proof of
part (1) we obtained that f˜r(h)f˜r(h) = f˜r(h • g), where • is the multiplication on H
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given by (13). Therefore, f˜r : Hr → H is a bialgebra isomorphism between the Hopf
algebra H and Hr. Thus, Hr is a Hopf algebra with the antipode given by (14). 
Remarks 2.7. 1. Assume that in Theorem 2.6 the unitary cocentral map r : H → A
is the trivial one r(h) = εH(h)1A or the right action ⊳ : H ⊗ A → H of A on H is the
trivial action, i.e. h ⊳ a = εA(a)h, for all h ∈ H and a ∈ A. Then Hr = H as Hopf
algebras. In general, the new Hopf algebra Hr may not be isomorphic to H as a Hopf
algebra: an example will be provided in Theorem 3.2.
2. At this point we should notice that there are two other deformations of a given Hopf
algebra in the literature. The first one was introduced by Drinfel’d [9]: the comultipli-
cation of a Hopf algebra H is deformed using an invertible element R ∈ H ⊗H, called
twist, in order to obtain a new Hopf algebra HR. The dual case was defined by Doi
[7]: the algebra structure of a Hopf algebra H was deformed using a Sweedler cocycle
τ : H⊗H → k as follows: let Hτ = H, as a coalgebra, with the new multiplication given
by
h · g := τ(h(1), g(1))h(2)g(2) τ
−1(h(3), g(3))
for all h, g ∈ H. Then Hτ is a new Hopf algebra [7, Theorem 1.6] and among sev-
eral applications we mention that the Drinfel’d double D(H) is a special case of this
deformation [8].
Next we shall prove the converse of Theorem 2.6.
Theorem 2.8. (Description of complements) Let A be a Hopf subalgebra of E, H
an A-complement of E with the associated canonical matched pair (A,H, ⊲, ⊳) and let H
be an arbitrary A-complement of E. Then there exists an isomorphism of Hopf algebras
H ∼= Hr, for some deformation map r : H → A of the matched pair (A,H, ⊲, ⊳).
Proof. The multiplication map mE : A ⊲⊳ H → E is a left A-linear Hopf algebra isomor-
phism and we denote its inverse by ν. In fact, without loss of generality, we can identify
E = A ⊲⊳ H. We denote the multiplication map associated to the A-complement H by
m′E : A⊗H→ E and its inverse by µ. Define f : H → H as the composition:
f : H
i
→֒ E
µ
−→ A⊗H
εA⊗Id−→ H (15)
Then, f is a unitary coalgebra isomorphism with the inverse f−1 given by the composi-
tion:
f−1 : H
i
→֒ E
ν
−→ A⊗H
εA⊗Id−→ H (16)
The proof will be finished if we construct a deformation map r : H → A of the canonical
matched pair (A,H, ⊲, ⊳) such that f : Hr → H is an algebra map. This deformation
map r : H → A is given by the composition of the following maps:
r : H
f
−→ H
i
→֒ E
ν
−→ A⊗H
Id⊗εH−→ A (17)
We shall prove this. We view H as a right H-comodule along the coalgebra map f−1 :
H → H. Then, f : H → H is right H-colinear, since its inverse f−1 is. We denote by
f˜ : H → A⊗H the following composition:
f˜ : H
f
−→ H
i
→֒ E∼=A ⊲⊳ H
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Then f˜ : H → A⊗H is a unit-preserving right H-colinear and coalgebra map. It follows
from Lemma 1.4 that there exists a unique unit-preserving cocentral map r : H → A
such that f˜(h) = r(h(1)) ⊗ h(2), for all h ∈ H and moreover the map r is given by
(17). Now, Im(f˜) = Im(f) = H is a Hopf subalgebra of E = A ⊲⊳ H, since H is an
A-complement. Thus, for any h, g ∈ H we have that f˜(h)f˜ (g) ∈ Im(f˜). Now, we have:
f˜(h)f˜ (g) = r(h(1))
(
h(2) ⊲ r(g(1))
)
⊲⊳
(
h(3) ⊳ r(g(2))
)
g(3)
This element is of the form f˜(x) = r(x(1)) ⊗ x(2), for some x ∈ H if and only if x =(
h⊳r(g(1))
)
g(2) and r is a descent map of the canonical matched pair (A,H, ⊲, ⊳). Indeed,
if we apply εA ⊗ IdH to the identity f˜(h)f˜(g) = f˜(x), we obtain the above formula
for x while by applying IdA ⊗ εH to the formula f˜(h)f˜ (g) = f˜(
(
h ⊳ r(g(1))
)
g(2)) we
obtain that r : H → A is a deformation map. Furthermore, in this case we have
f(h)f(g) = f
((
h ⊳ r(g(1))
)
g(2)
)
= f(h • g), that is f : Hr → H is an algebra map, as
needed. 
We are now ready to prove Theorem 2.5:
The proof of Theorem 2.5. It follows from Theorem 2.8 that in order to classify all A-
complements of E we can consider only r-deformations of H, for various deformation
maps r : H → A. Let r, R : H → A be two deformation maps. As the coalgebra
structure on Hr and HR coincide with the one of H, we obtain that the Hopf algebras
Hr and HR are isomorphic if and only if there exists σ : H → H a unitary coalgebra
isomorphism such that σ : Hr → HR is also an algebra map. Taking into account the
definition of the multiplication on Hr given by (13) we obtain that σ is an algebra map
if and only if the compatibility condition (12) of Definition 2.4 holds, i.e. r ∼ R. Hence,
r ∼ R if and only if σ : Hr → HR is an isomorphism of Hopf algebras. Thus we obtain
that ∼ is an equivalence relation on DM(H,A | (⊲, ⊳)) and the map
HA2(H,A | (⊲, ⊳)) → F(A,E), r 7→ Hr
where r is the equivalence class of r via the relation ∼, is well defined and a bijection
between sets. This finishes the proof. 
3. Examples
In this section we shall provide an example of a Hopf algebra extension A ⊆ E whose
factorization index is arbitrary large. For a positive integer n we denote by Un(k) =
{ω ∈ k |ωn = 1} the cyclic group of n-th roots of unity in k and by ν(n) = |Un(k)|
the order of Un(k). Cn will be the cyclic group of order n generated by c or d (if we
consider two copies of Cn) and k will be a field of characteristic 6= 2. Let A := H4 be the
Sweedler’s 4-dimensional Hopf algebra generated by g and x subject to the relations:
g2 = 1, x2 = 0, xg = −gx
with the coalgebra structure given such that g is a group-like element and x is (1, g)-
primitive. [1, Proposition 4.3] proves that there exists a bijective correspondence between
the set of all matched pairs (H4, k[Cn], ⊳, ⊲) and the group Un(k) such that the matched
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pair (H4, k[Cn], ⊳, ⊲) associated to ω ∈ Un(k) is given as follows: ⊳ : k[Cn]⊗H4 → k[Cn]
is the trivial action and ⊲ : k[Cn]⊗H4 → H4 is defined by:
ci ⊲ g = g, ci ⊲ x = ωix, ci ⊲ gx = ωi gx (18)
for all i = 0, 1, · · · , n − 1. We denote by H4n, ω the bicrossed product H4 ⊲⊳ k[Cn]
associated to this matched pair: H4n, ω is the 4n-dimensional quantum group generated
by g, x and c subject to the relations:
g2 = cn = 1, x2 = 0, xg = −gx, cg = gc, cx = ω xc
with the coalgebra structure given such that g and c are group-like elements and x is
(1, g)-primitive. A k-basis in H4n, ω is given by {c
i, gci, xci, gxci | i = 0, · · · , n− 1}.
Let ξ be a generator of the group Un(k). In what follows we will construct a family of
matched pairs of Hopf algebras (k[Cn], H4n, ξt , ⊳
l, ⊲) such that the Hopf algebraH4n, ξt−lp
will appear as an r-deformation of H4n, ξt.
Theorem 3.1. Let k be a field of characteristic 6= 2, n a positive integer, ξ a generator
of Un(k), t ∈ {0, 1, ..., ν(n)−1} and Cn = 〈d | d
n = 1〉 the cyclic group of order n. Then:
(1) For any l ∈ {0, 1, · · · , ν(n) − 1} there exists a matched pair (k[Cn], H4n, ξt , ⊳
l, ⊲),
where ⊲ : H4n, ξt ⊗ k[Cn]→ k[Cn] is the trivial action and the right action ⊳
l : H4n, ξt ⊗
k[Cn]→ H4n, ξt is given for any i, k = 0, 1, ..., n − 1 by:
ci ⊳l dk = ci, (gci) ⊳l dk = gci, (xci) ⊳l dk = ξlk xci, (gxci) ⊳l dk = ξlk gxci (19)
(2) The deformation maps associated to the matched pair (k[Cn], H4n, ξt, ⊳
l, ⊲) are the
algebra maps defined for any p ∈ {0, 1, · · · , n− 1} as follows:
rp : H4n, ξt → k[Cn], rp(g) = 1, rp(c) = d
p, rp(x) = 0
Furthermore, the rp-deformation of H4n, ξt is H4n, ξt−lp, i.e. (H4n, ξt)rp = H4n, ξt−lp.
Proof. (1) The compatibility condition (5) is trivially fulfilled since ⊲ is the trivial action
and k[Cn] is cocommutative. Moreover, (4) becomes:
(yz) ⊳l a = (y ⊳l a(1))(z ⊳
l a(2)) (20)
for all y, z ∈ H4n, ξt and a ∈ k[Cn]. Since we have:
ci ⊳l dk = ci, g ⊳l dk = g, x ⊳l dk = ξlkx
then it is straightforward to see that (20) indeed holds. The fact that ⊳l : H4n, ξt⊗k[Cn]→
H4n, ξt is a coalgebra map is just a routinely computation. Finally, we only need to prove
that the action ⊳l respects the relations in k[Cn], respectively H4n, ξt . For instance, we
have:
xci ⊳l dn = (xci ⊳l dn−1) ⊳l d = ξl(n−1)xci ⊳l d = ξlnxci = xci
xg ⊳l dk = (x ⊳l dk)(g ⊳l dk) = ξlkxg = −ξlkgx = −gx ⊳l dk
cx ⊳l dk = (c ⊳l dk)(x ⊳l dk) = ξlkcx = ξlkξtxc = ξtxc ⊳l dk
Proving that the rest of the compatibilities also hold is a routinely check.
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(2) Let r : H4n, ξt → k[Cn] be a deformation map. By applying (9) for xc
i and gxci,
where i = 0, 1, · · · , n − 1 we obtain:
r(ci)⊗ xci + r(xci)⊗ gci = r(xci)⊗ ci + r(gci)⊗ xci
r(gci)⊗ gxci + r(gxci)⊗ ci = r(gxci)⊗ gci + r(ci)⊗ gxci
Hence, it follows that r(xci) = r(gxci) = 0 and r(ci) = r(gci) for all i ∈ 0, 1, ..., n− 1. In
particular we have r(g) = 1 and r(x) = 0. Moreover, since r is also a coalgebra map then
r(c) is a grouplike element from k[Cn]. Consider r(c) = d
p, for some p = 0, 1, · · · , n− 1.
For the rest of the proof we will denote this map by rp. As ⊲ is the trivial action then
the compatibility condition (11) simplifies to:
rp
((
y ⊳l r(z(1))
)
z(2)
)
= rp(y)rp(z) (21)
for all y, z ∈ H4n, ξt . By applying (21) for c
i and cj , where i, j ∈ 0, 1, ..., n − 1 we get
rp(c
i+j) = rp(c
i)rp(c
j). Hence, we have
rp(c
i) = rp(gc
i) = dip (22)
for all i = 0, 1, · · · , n − 1. Now by using (22) and the fact that rp(xc
i) = rp(gxc
i) = 0,
for any i = 0, 1, · · · , n − 1 we can easily prove that rp : H4n, ξt → k[Cn] is an algebra
map. Finally, we are left to prove that (21) holds. For instance we have:
rp
((
gci ⊳l rp(c
j)
)
cj
)
= rp
((
gci ⊳l dpj
)
cj
)
= rp(gc
i+j) = rp(gc
i)rp(c
j)
rp
((
xci ⊳l rp(c
j)
)
cj
)
= rp
((
xci ⊳l dpj
)
cj
)
= rp(ξ
lpjxci+j) = 0 = rp(xc
i)rp(c
j)
rp
((
y ⊳l rp((xc
i)(1))
)
(xci)(2)
)
= rp
((
y ⊳l rp(xc
i)
)
ci
)
+rp
((
y ⊳l rp(gc
i)
)
xci
)
= 0 = rp(y)rp(xc
i)
for all i, j = 0, 1, · · · , n− 1 and y ∈ H4n, ξt . By a straightforward computation it can be
seen that (21) also holds for the remaining elements of the k-basis of H4n, ξt .
Now, the algebra structure of (H4n, ξt)rp is given by (13). Thus, in (H4n, ξt)rp we have:
g • g =
(
g ⊳l rp(g)
)
g = (g ⊳l 1)g = g2 = 1
x • x = (x ⊳l r(x)) + (x ⊳l r(g))x = x2 = 0
cn−1 • c =
(
cn−1 ⊳l rp(c)
)
c =
(
cn−1 ⊳l cp
)
c = cn−1c = cn = 1
g • x = (g ⊳l r(x)) + (g ⊳l r(g))x = gx = −xg = −(x ⊳l r(g))g = −x • g
c • x = (c ⊳l r(x)) + (c ⊳l r(g))x = cx = ξtxc = ξt−lp(ξlpxc)
= ξt−lp(x ⊳l rp(c))c = ξ
t−lpx • c
This shows that (H4n, ξt)rp = H4n, ξt−lp . 
The bicrossed product k[Cn] ⊲⊳
l H4n, ξt associated to the matched pair from Theorem 3.1
is the Hopf algebra generated by g, x, c and d subject to the relations:
g2 = cn = dn = 1, x2 = 0, cg = gc, cd = dc, gd = dg,
xg = −gx, cx = ξt xc, xd = ξl dx
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with the coalgebra structure given such that g, c, d are group-like elements and x is a
(1, g)-primitive element. We denote byH4n2, ξ, t, l this family of quantum groups, for any l,
t ∈ {0, 1, ..., ν(n)−1} and ξ a generator of order ν(n) of the group Un(k). In what follows
we view H4n2, ξ, t, l as a Hopf algebra extension of the group algebra k[Cn] = k〈d | d
n = 1〉.
In this context, H4n, ξt is a k[Cn]-complement of H4n2, ξ, t, l.
Before stating the main result of this section we recall from [1, Theorem 4.10] the number
of types of isomorphisms of Hopf algebras H4n, ω, where ω ∈ Un(k); we denote this
number by #H4n, ω. If ν(n) = p
α1
1 · · · p
αr
r is the prime decomposition of ν(n) = |Un(k)|
then we have:
#H4n, ω =
{
(α1 + 1)(α2 + 1) · · · (αr + 1), if ν(n) is odd
α1(α2 + 1) · · · (αr + 1), if ν(n) is even and p1 = 2
(23)
The main result of this section now follows: it computes the factorization index of the
extension k[Cn] ⊆ H4n2, ξ, t, 1.
Theorem 3.2. Let k be a field of characteristic 6= 2, n a positive integer, ξ a generator
of Un(k) and (k[Cn], H4n, ξν(n)−1 , ⊳
1, ⊲) the matched pair where ⊲ is the trivial action and
⊳1 is given by (19) for l = 1. Then:
1) (H4n, ξν(n)−1)rp = H4n, ξν(n)−1−p , for all p = 0, 1, · · · , ν(n) − 1. Thus, any H4n, ξp
appears as a deformation of H4n, ξν(n)−1 , for some deformation map rp.
2) Assume that ν(n) is odd and ν(n) = pα11 · · · p
αr
r is the prime decomposition of ν(n).
Then we have (α1+1)(α2+1)...(αr+1) non-isomorphic deformations of H4n, ξν(n)−1 and
thus [H4n2, ξ, t, 1 : k[Cn] ]
f = (α1 + 1)(α2 + 1)...(αr + 1).
3) Assume that ν(n) is even and ν(n) = 2α1pα22 · · · p
αr
r is the prime decomposition of
ν(n). Then we have α1(α2 + 1)...(αr + 1) non-isomorphic deformations of H4n, ξν(n)−1
and thus [H4n2, ξ, t, 1 : k[Cn] ]
f = α1(α2 + 1)...(αr + 1).
Proof. 1) It follows by applying Theorem 3.1 for l = 1 and t = ν(n) − 1. As any
H4n, ξp appears as a deformation of H4n, ξν(n)−1 via some deformation map rp, the last
two statements are just easy consequences of (23). 
4. Classifying complements for Lie algebras
Let g ⊆ Ξ be a Lie subalgebra of Ξ. A Lie subalgebra h of Ξ is called a complement of
g in Ξ (or a g-complement of Ξ) if Ξ = g + h and g ∩ h = {0}. In this case we say that
the Lie algebra Ξ factorizes through g and h. Related to these concepts, the bicrossed
product associated to a matched pair of Lie algebras was introduced in [14]. We collect
here some basic facts: for more details we refer the reader to [14], [15, Chapter 8] or [16].
A matched pair of Lie algebras is a quadruple (g, h, ⊲, ⊳), where g, h are Lie algebras, g
is a left h-Lie module under ⊲ : h⊗ g→ g, h is a right g-Lie module under ⊳ : h⊗ g→ h
and the following compatibilities hold for all a, b ∈ g, x, y ∈ h:
x ⊲ [a, b] = [x ⊲ a, b] + [a, x ⊲ b] + (x ⊳ a) ⊲ b− (x ⊳ b) ⊲ a (24)
[x, y] ⊳ a = [x, y ⊳ a] + [x ⊳ a, y] + x ⊳ (y ⊲ a)− y ⊳ (x ⊲ a) (25)
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The fact that g is a left h-Lie module under ⊲ : h⊗ g→ g and h is a right g-Lie module
under ⊳ : h⊗ g→ h can be written explicitly as follows:
[x, y] ⊲ a = x ⊲ (y ⊲ a)− y ⊲ (x ⊲ a), x ⊳ [a, b] = (x ⊳ a) ⊳ b− (x ⊳ b) ⊳ a (26)
The following is [15, Proposition 8.3.2]: If (g, h, ⊲, ⊳) is a matched pair of Lie algebras
then the direct sum g⊕ h together with the bracket defined by:
[a⊕ x, b⊕ y] =
(
[a, b] + x ⊲ b− y ⊲ a
)
⊕
(
[x, y] + x ⊳ b− y ⊳ a
)
(27)
for all a, b ∈ g, x, y ∈ h is a Lie algebra, called the bicrossed product of g and h, and will
be denoted by g ⊲⊳ h. The Lie algebra h ∼= {0} ⊕ h is a complement of g ∼= g ⊕ {0} in
the bicrossed product g ⊲⊳ h. Conversely, if h is a g-complement of Ξ, then there exists
a matched pair of Lie algebras (g, h, ⊲, ⊳) such that the corresponding bicrossed product
g ⊲⊳ h is isomorphic as a Lie algebra with Ξ. The actions of the matched pair (g, h, ⊲, ⊳)
arises from the unique decomposition:
[x, a] = x ⊲ a⊕ x ⊳ a (28)
for all a ∈ g, x ∈ h. The matched pair constructed in (28) will be called the canonical
matched pair associated to the g-complement h of Ξ.
For a Lie subalgebra g of Ξ we denote by F(g, Ξ) the isomorphism classes of g-complements
of Ξ. The factorization index of g in Ξ is defined as [Ξ : g]f := | F(g, Ξ) |.
Definition 4.1. Let (g, h, ⊲, ⊳) be a matched pair of Lie algebras. A k-linear map
r : h → g is called a deformation map of the matched pair (g, h, ⊲, ⊳) if the following
compatibility holds for any x, y ∈ h:
r
(
[x, y]
)
−
[
r(x), r(y)
]
= r
(
y ⊳ r(x)− x ⊳ r(y)
)
+x ⊲ r(y)− y ⊲ r(x) (29)
We denote by DM (h, g | (⊲, ⊳)) the set of all deformation maps of the matched pair
(g, h, ⊲, ⊳). The right hand side of (29) measures how far a deformation map is from
being a Lie algebra map. Using this concept the following deformation of a given Lie
algebra is proposed:
Theorem 4.2. Let g be a Lie subalgebra of Ξ, h a given g-complement of Ξ and r : h→ g
a deformation map of the associated canonical matched pair (g, h, ⊲, ⊳).
(1) Let fr : h→ Ξ = g⊕ h be the k-linear map defined for any x ∈ h by:
fr(x) = r(x)⊕ x
Then h˜ := Im(fr) is a g-complement of Ξ.
(2) hr := h, as a k-module, with the new bracket defined for any x, y ∈ h by:
[x, y]r := [x, y] + x ⊳ r(y)− y ⊳ r(x) (30)
is a Lie algebra called the r-deformation of h. Furthermore, hr ∼= h˜, as Lie algebras.
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Proof. (1) To start with, we will prove that h˜ = {
(
r(x)⊕ x
)
| x ∈ h} is a Lie subalgebra
of Ξ = g ⊲⊳ h. Indeed, for all x, y ∈ h we have:[
r(x)⊕ x, r(y)⊕ y
] (27)
=
([
r(x), r(y)
]
+x ⊲ r(y)− y ⊲ r(x)
)
⊕(
[x, y] + x ⊳ r(y)− y ⊳ r(x)
)
(29)
= r([x, y] + x ⊳ r(y)− y ⊳ r(x)) ⊕
(
[x, y] + x ⊳ r(y)− y ⊳ r(x)
)
Moreover, it is straightforward to see that g∩ h˜ = {0} and a⊕x =
(
a−r(x)
)
⊕
(
r(x)⊕x
)
∈
g+ h˜. Therefore, h˜ is a g-complement of Ξ.
(2) We denote by f˜r the k-linear isomorphism from h to h˜ induced by fr. We will prove
that f˜r is also a Lie algebra map if we consider on h the bracket given by (30). Indeed,
for any x, y ∈ h we have:
f˜r
(
[x, y]r
) (30)
= f˜r
(
[x, y] + x ⊳ r(y)− y ⊳ r(x)
)
= r
(
[x, y]
)
+r(x ⊳ r(y))− r(y ⊳ r(x))⊕ [x, y] + x ⊳ r(y)− y ⊳ r(x)
(29)
= [r(x), r(y)] + x ⊲ r(y)− y ⊲ r((x)⊕ [x, y] + x ⊳ r(y)− y ⊳ r(x)
(27)
= [r(x)⊕ x, r(y)⊕ y] = [f˜r(x), f˜r(y)]
Therefore, hr is a Lie algebra and the proof is now finished. 
We are now able to describe all complements of a Lie subalgebra g of Ξ.
Theorem 4.3. Let g be a Lie subalgebra of Ξ, h a given g-complement of Ξ with the
associated canonical matched pair of Lie algebras (g, h, ⊲, ⊳). Then h is a g-complement of
Ξ if and only if there exists an isomorphism of Lie algebras h ∼= hr, for some deformation
map r : h→ g of the matched pair (g, h, ⊲, ⊳).
Proof. Let h be an arbitrary g-complement of Ξ. Since Ξ = g ⊕ h = g ⊕ h we can find
four k-linear maps:
u : h→ g, v : h→ h, t : h→ g, w : h→ h
such that for all x ∈ h and y ∈ h we have:
x = u(x)⊕ v(x), y = t(y)⊕ w(y) (31)
By applying (31) for x = w(y) ∈ h, y ∈ h, we get:
−t(y)⊕ y = w(y)
(31)
= u
(
w(y)
)
⊕v
(
w(y)
)
Therefore, by the unique decomposition in a direct sum, we obtain v
(
w(y)
)
= y and
u
(
w(y)
)
= −t(y), for all y ∈ h. In the same manner it can be proved that w
(
v(x)
)
= x
and t
(
v(x)
)
= −u(x), for all x ∈ h. In particular, we proved that v : h → h is a k-linear
isomorphism. We denote by v˜ : h→ g ⊲⊳ h the composition:
v˜ : h
v
−→ h
i
→֒ Ξ = g ⊲⊳ h
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More precisely, we have v˜(x) = v(x)
(31)
= −u(x) ⊕ x, for all x ∈ h. We denote r := −u
and we will prove that r is a deformation map and h ∼= hr. Indeed, h = Im(v) = Im(v˜)
is a Lie subalgebra of Ξ = g ⊲⊳ h and therefore we have:
[r(x)⊕ x, r(y)⊕ y]
(27)
=
(
[r(x), r(y)] + x ⊲ r(y)− y ⊲ r(x)
)
⊕(
[x, y] + x ⊳ r(y)− y ⊳ r(x)
)
= r(z)⊕ z
for some z ∈ h. Thus, we obtain:
r(z) = [r(x), r(y)] + x ⊲ r(y)− y ⊲ r(x), z = [x, y] + x ⊳ r(y)− y ⊳ r(x) (32)
By applying r to the second part of (32) we get:
r(z) = r([x, y]) + r(x ⊳ r(y))− r(y ⊳ r(x)) = [r(x), r(y)] + x ⊲ r(y)− y ⊲ r(x)
Therefore, r is a deformation map of the matched pair (g, h, ⊲, ⊳). Moreover, we have:
[v(x), v(y)] = v(z)
(32)
= v
(
[x, y] + x ⊳ r(y)− y ⊳ r(x)
)(30)
= v([x, y]r)
that is, v : hr → h is a Lie algebra map and the proof is now finished. 
In order to classify all complements we need to introduce the following:
Definition 4.4. Let (g, h, ⊲, ⊳) be a matched pair of Lie algebras. Two deformation
maps r, R : h → g are called equivalent and we denote this by r ∼ R if there exists
σ : h→ h a k-linear automorphism of h such that for any x, y ∈ h:
σ
(
[x, y]
)
−
[
σ(x), σ(y)
]
= σ(x) ⊳R
(
σ(x)
)
−σ
(
x ⊳ r(y)
)
−σ(y) ⊳R
(
σ(x)
)
+σ
(
y ⊳ r(x)
)
(33)
As a conclusion of this section we obtain the answer to the (CCP) for Lie algebras:
Theorem 4.5. Let g be a Lie subalgebra of Ξ, h a g-complement of Ξ and (g, h, ⊲, ⊳) the
associated canonical matched pair. Then:
(1) ∼ is an equivalence relation on DM (h, g | (⊲, ⊳)). We denote by HA2(h, g | (⊲, ⊳)) the
quotient set DM (h, g | (⊲, ⊳))/ ∼.
(2) There exists a bijection between the isomorphism classes of all g-complements of Ξ
and HA2(h, g | (⊲, ⊳)). In particular, the factorization index of g in Ξ is computed by the
formula:
[Ξ : g]f = |HA2(h, g | (⊲, ⊳))|
Proof. It follows from Theorem 4.3 that in order to classify all g-complements of Ξ it is
enough to consider only r-deformations of h, for various deformation maps r : h → g.
Now let r, R : h→ g be two deformation maps. As hr = hR := h as k-spaces, we obtain
that the Lie algebras hr and hR are isomorphic if and only if there exists σ : hr → hR a
k-linear isomorphism which is also a Lie algebra map. Using (30) we obtain that σ is a
Lie algebra map if and only if the compatibility condition (33) holds, i.e. r ∼ R. Hence,
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r ∼ R if and only if σ : hr → hR is an isomorphism of Lie algebras. Thus we obtain that
∼ is an equivalence relation on DM(h, g | (⊲, ⊳)) and the map
HA2(h, g | (⊲, ⊳)) → F(g,Ξ), r 7→ hr
is a bijection between sets, where r is the equivalence class of r via the relation ∼. 
Example 4.6. Let k be a field of char(k) 6= 2 and Ξ the 4-dimensional Lie algebra with
{e1, e2, f1, f2} as a basis and the bracket given by:
[e1, e2] = 2e1, [e1, f1] = e2, [e2, f2] = 2f1
Let g be the Lie subalgebra of Ξ with basis {e1, e2}. Then [Ξ : g]
f = 2.
Indeed, let h be the abelian Lie algebra of dimension 2 with basis {f1, f2}. Then h is a
g-complement of Ξ with the associated canonical matched (g, h, ⊳, ⊲) given as follows:
f1 ⊲ e1 := −e2, f1 ⊳ e2 := −2f1
It is straightforward to see that rc : h→ g given by r(f1) := 0, r(f2) := cf2, for some c ∈ k
is a deformation map of the matched pair (g, h, ⊲, ⊳). Furthermore, the rc-deformation
of h has the bracket [f1, f2]rc := −2cf1. As this is not an abelian Lie algebra for c 6= 0,
it follows that hrc is not isomorphic to h. Since there are only two types of Lie algebras
of dimension 2 we obtain that [Ξ : g]f = 2.
5. Outlooks and open problems
In this paper we solve the (CCP) for the category of Lie algebras and Hopf algebras
respectively. The common tool used is the bicrossed product construction. All the
results proven above can serve as a model for obtaining similar theories for the (CCP)
in other categories C where the bicrossed product was introduced, such as: (co)algebras,
C∗-algebras or von Neumann algebras, Lie groups, locally compact groups or locally
compact quantum groups, groupoids or quantum grupoids, multiplier Hopf algebras,
etc. Another direction for further inquiry is given by the following three open questions
related to the results of this work:
Question 1: Let τ : H ⊗H → k be a normalized Sweedler cocycle and Hτ be Doi’s [7]
deformation of the Hopf algebra H. Does there exist a Hopf algebra A, a matched pair of
Hopf algebras (A,H, ⊳, ⊲) and a deformation map r : H → A such that Hτ = Hr, where
Hr is the r-deformation of H in the sense of Theorem 2.6?
Having in mind Theorem 2.5 it is natural to ask:
Question 2: Does there exist an example of an extension of finite dimensional Hopf
algebras A ⊂ E having an infinite factorization index [E : A]f?
We have approached the (CCP) for right A-complements of a given extension A ⊂ E of
Hopf algebras. The same theory can be developed for left A-complements. If E has a
bijective antipode thenH is a right A-complement if and only ifH is a left A-complement
([1, Proposition 3.1]); i.e. in this case [E : A]fr = [E : A]
f
l , where [E : A]
f
r (resp. [E : A]
f
r )
denotes the factorization index corresponding to right (resp. left) A-complements. In
general, we ask the following:
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Question 3: Does there exist an example of an extension A ⊂ E of Hopf algebras such
that [E : A]fr 6= [E : A]
f
l ?
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